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? ! X, and nd a map f : A ? ! W so that the h is homotopic to the composite (f) @ : M=A ? ! X. Then (Theorem 1.7 below) the map f : A ? ! W is a Poincar e embedding of M with normal invariant .
Williams Wi2] used S-duality and part of (a) to show that the co ber X desuspends, say X = W, and that the co bering map h: M=A ? ! X factors through the suspension of A by a map : A ? ! W. It would be enough to desuspend ;
Williams claims that this is equivalent to vanishing of Boardman and Steer's second Hopf invariant 2 ( ) 2 h 2 A; ( W) 2] i .
Our proof uses (a) and (b) to show that there is a unique extension : A ? ! X and a unique co-H structure on X for which 2 ( ) = 0. If m < 3q, the EHP sequence implies that desuspends. When m = 3q we are outside the metastable range, but S-duality and (c) give the desuspension of . For uniqueness we also need (d).
In x1 we review Williams's S-duality, and prove the existence of Poincar e embeddings for m < 3q. In x2 we give a careful exposition of the elementary unstable homotopy theory we need to proceed further. We shortened this section considerably after seeing Moore and Neisendorfer's M-N] \algebraic" point of view. Only x2.1 is needed for x1. In x3 we prove existence in case m = 3q, and in x4 we prove the uniqueness; with similar problems when m = 3q ? 1.
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Existence in the case m < 3q
In this section we prove the existence part of Williams's Theorem 0.1, modulo the proof of Theorem 1.6, which requires the relative Hopf invariant of x3. Let 
which proves the naturality of relative cup products. By S-duality, diagram (2), and the fact that the diagonal map of S m is nullhomotopic, the map : M ? ! M=A 0 is stably nullhomotopic. By the Freudenthal suspension theorem is nullhomotopic, since n = dim(M) < 2 conn(M=A 0 ) + 1 = 2q + 1.
Therefore the map h: M=A ? ! X factors through A up to homotopy, by the Barratt-Puppe sequence of the derived co bration M ? ! M=A ? ! A, which further shows that A splits as a wedge M=A _ M. Thus the group M; X] acts freely and transitively on the set extensionsh 2 A; X] of h.
We now recall the equivalence, in the metastable range, between co-spaces and suspension structures B-H] Ga2, prop. 3.6]). Recall that X is a co-H space if there is a map : X ? ! X_X, called the co-H space structure, so that ' : X ? ! X X. For a given co-H space X, a suspension structure will be a homotopy equivalence : W ? ! X which is a co-H map, i.e. ' 1 + 2 : W ? ! X _ X. Theorem 1.1 (Hilton, Berstein-Ganea) . Let X be a q-connected, m-dimensional nite CW-complex, and assume that m 3q. If X is a co-H space, then there exists a suspension structure : W ' ? ! X. Furthermore X will be a co-H space, and hence a suspension, if the reduced diagonal map : X ? ! X^X is nullhomotopic.
Since ' : M ? ! M=A 0 , diagram (2) shows that the reduced diagonal map of M=A 0 is nullhomotopic, and thus the space X ' M=A 0 is a suspension. 
(10) The second term of the right hand side of (10) (11) is an S-duality map, and the term ( ^ (e )) of equation (10) We have now completed the proof of the existence part of Williams's Theorem 0.1, modulo the proof of Theorem 1.6.
A Review of Elementary Unstable Homotopy Theory
We would like to rewrite the literature we survey here from the point of view of Whitehead Wh], James Ja1, Prop. 6.42] and Moore and Neisendorfer M-N], of working in the category of compactly generated spaces and NDR pairs, and using the result of Str m St] Wh, thm. I.7.14], that the pullback under a bration of an NDR pair is an NDR pair in the total space. We contend that only with such care for the point set topology is it possible to write down explicit homotopies. However in this work we have been able to dispense with explicit homotopies, so we avoid such technical discussions. We shall assume that all spaces have the homotopy type of CW complexes, and have nondegenerate basepoints.
2.1. Suspensions, loops, adjoint functors and cup products. We will carefully follow Boardman and Steer B-S] in our conventions involving suspensions. We de ne the suspension X by smashing on the right with the circle S 1 = I=f0; 1g, so that X := X^S 1 , for any space X. De ning the k-sphere to be S k = I k =@(I k ) = S 1^ ^S 1 , we have a canonical identi cation between k X = X and X^S k . For any two spaces X and Y we will identity (X^Y ) with X^ Y , using the strict associativity of the smash product. On the other hand we will be careful with shu e maps 2 (X^Y ) ? ! ( X)^( Y ), which sends ^ ^s^t to ( ^s)^( ^t 2.2. The Moore splitting of the suspension of a product. We recall the Moore splitting of (A B), which Moore Mo, Hu] used to give the rst proof of James splitting of (X) for a connected space X Ja3].
Following Husemoller Hu, app., Prop. 3 .1], we use the suspension coordinate to \add up" the projections, giving a homology equivalence = ( 1 1 ) + ( 3 12 ) + ( 2 2 ) : (A B) ? ! A _ B _ (A^B); where 1 , 12 , and 2 are the three projections of the product onto A, A^B, and B respectively. By the ve Lemma, we see that is a homology isomorphism, so for connected CW complexes A and B, is a homotopy equivalence. Since is a homotopy equivalence, the projection 12 : (A B) ? ! (A^B) is a surjection in the homotopy category, which means that two maps out of (A^B) are homotopic if their pullbacks to (A B) to (A^B) under 12 are homotopic.
We then de ne the universal Hopf construction to be the unique homotopy class computes maps out of a homotopy co ber X f CW, in the case that f is a map of suspensions. The stabilizers of the action of the group W; M] on the set X f CW; M] are computed as the image of the group X; M], by a homomorphism which is a sum which includes ( f) and also higher order terms involving the Hopf invariants of f.
We need a dual result; we will consider maps into the homotopy ber F of a map h: X ? ! B of loop spaces. Various versions of this theorem have been published by James and Thomas, Rutter and Baues Ru, Ba4, Ba3] but not in the form we need, Theorem 2.11 below, so we have given our own proof. We were motivated by the application of James Ja2, Thm. 3.1]. We will need this result for uniqueness of Poincar e embeddings. At the tip of our range we will also need a further result, basically due to James and Thomas, about mapping into a two stage tower.
Let h: X ? ! B be a pointed map and let F be the homotopy ber of the map h, so that p : F ? ! X is a principal bration. Suppose in addition that h( ) = for some point 2 E. Let~ 2 F be the canonical lift of to F. Recall the long exact 
The cokernel of h : 1 (X; ) ? ! 1 (B; ) is then bijective with the cokernel of the homomorphism (h; ): 1 (X; ) ? ! 2 B; which is the composition of (20) 
